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Ho. Rubin and Roe Sitgrsaves 


i. Introduction. iet I bea det of n elements, and let 7 be the 


set of all tramsformatiozs of X into X In the definitions, the 
notation , where TES , has ite usual meaning, with k a positive 
integer or sero. For K. O, Tx = Xx 

For a given xéX ari TED „ the set of all clements yeX such 


that 


wz = ry 


for at least one pair of mumbere 3, k, is called the structure in T 
containing x , and is denoted by 8702) o Ist : x€S,(x) cince 
Mx rk for all 3. ‘The mmber of elenente in S,(x) is the size of 
the straocture containing <x « 

An elemnt yE XK is called a cyclical element in T if Ty - 7 
for som m O A evelic#} elemant. v belongs to a cycle of length 
k „ if 

ty 7 | O<j<k 
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I. follows that eash elament 
se Py Q<j3<k 


is also 2 cyclical element in T , ‘slonging to the same cycle as y , 


since tor any m 


Ts = Pry) = Ty Y 
so that 
a (TY) ys for O<m<k 
and 
Tee Ny) - „ 


Every structure S,(x) contains a non-empty subset of cyelical 
elements, say Kr(x) o Clearly, the elements of Ex) represent a single 
cyele, since for any cyclical elements y, z, with y £S,(x) and 2 f 87 (* 3 
there exist numbers 4, k, such that 


yet . 


An element ye S) is said to be a predecessor of x if there 
exists a k 2 O such that Dy x „ An slemmt y is said to bea 
successor of x if there exists a mumber K 2 0 such that Tx ey. 
The set of all successors of x is called the six-lungth of x. It will 
ba noted that x is both a successor and a predecessor of itself. If 
xéK, (x) > every element in S.n(x) is 8 predecessor of x % while the 
set K(x) is the si length of x . 

Consider the Zhang finetions dafi on 5x7 „ det 

m = number cf structures in T 

e = size of the strusture cotaimng x 

3s » mier of clements in the sixe-length of 2 
p »* number of predecessors of X 


232 


de assums that olenents ere salested at random from AX each pair 
(x,T) having yeehability tnt? cf being chosen, Exact probability 
distributions are derived for the functions mm, e 6, and p, and asymm» 
tot 10 approximations are given fer the distributions of , s, and p as 
n becones large. 

2% Graphic representation of the set J . let J be the subsat of -/ 
consisting of all transformtions of X onto I „ 1% 1 the set 
of all permutations of the elemente of X . Then, two elements of J , 


(201) a 75 —7＋ 0 


It is clear that the maximum number of elements of ͤ f which can belong 
to the same structure class is nz 

A graphical presentation ot we verious structure classes when 
n= 5 4s given in Figure 1% The mmber of elements of 7 belonging to 
each class is also piven. Ths classes are grouped according to the value 
cf n, the number of structures in the transformation, and Ng „ the 
total number of cyclical elanenta. 
30 Auxiliary distributions. let D be some subset of X containing d 
elements, am let J, be the suteet of J containing all transformations 


© for whieh DOOM FN any yeir (x, ) let & danote the length of 


the cycle in 87 (X) o Then 


(3.1) v HA p, 3 Re 3 (J 50 D, 15 955 


-E mfx ad HED 3 xXx or ik, 


and Taf Ds see 3 PL dx, TX, „ OF po, 
and TA gy; and My = Se) Di 


Red _nede1 r=~dek+] 
n n 00 30 nD 


2 


2 
2 
~~ 
as 


.) PSF R(x) M R =D L- AID red ¢ 
nod 

a oe E 
i — ne 


tor j* 1252 1 

fur my tev , let * de the number of cyclical elements in 
X — D „ Mew, forany TES, and a x 6. DUK), either N. Keb 
or Er( T CX doe ente 


(3.0 vr R(x), O Y D. fe 305 5 te, ty 8 


— PY 


E DU By = af 
nen D — D |x DO „ Dig W a3 
-Pikeg|x# Do), MD EY D, D, W ag 


12d q 


4 
— ¢ 2 
4 


Ra) 


2S « 


Got} PERE Hed, KixJoX—D, k= 3p, TEI yf 


for 3 * 15255 Ted o 


Comparing (302) and (3H) for L= 3 ant Mn jel , we obtain 
(305) PE XA Rplz)» M I- D, J- 30 „ 2293 


p ix 7 i mete 
1 K Kr) 2 Er X) C «= D 9 x= 354 9 7 N 


It folilers tnat 


¢ : 8 so 
(3%) 3 „ 41D, TET¢ «© (nad) 4 (a 1 
ie . (n=dej)$ 2°” 


for J = 1.25 2 = d 0 


. C = 
It renains to evaluate 5 = olp 4 1755 o For this pur rose, 


consider the function g of a real variable t, here 
Bed, mays (aes) 4979 


(t) 
= (n-d-j)§ n?* 


lat 
1d J 
f(t) = 57 (dd 
35 (u-d-3) 1 5 
Then 


g(t) = 29% f, (t) td etsy 


But 


62 


(r-d- 3) ien 
ned 31 Deel 1 

„ (ed) I = 8 ——— 
7 (ma-) i n 2 (1-9) 1 n 


= Seed) f(t) - s(t) + 2 


Ye 


so that 


g(t) = n(t? - ta-) et) 


“jh 


and g(1) - 1 % But 


ned ) 
g(t) = >. we) Ord 


7 (n-d-3) 3 n° 


and 
‘ nd 
P{N, = old , 7890990 12 r + 
: : $20 (ned-j)3 n : 
80 that 


(357) p d = o|D 2 18950 —8 ° 


if D g where f is the empty set, d- O and Jy =j . For 
any TEI, Ny is thus the total mmber of cyclical elements in » ae 
Fron (3.6) and (3.7) we obtain 


a „ (m1) 3 8 f 
(308) P{ Ny 3 . e 3 12%, n o 
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li. Distribution of the number of strustures. We can write 


(ue) fama} rs P {mt, Hy 3 


8 Seals; Pt *½ñ5 


But 
Ps med | Ryd probe of 1 cycles in a permutation or 
3 elemente 
= (i,j), say 
we have 
(1,1) «3. 
2 (1,2) 7 n(2,2) = ¥ 
42 4 402,3) = ¥ 400 * 
In generai 


01) = (, 1) 3 41,41) 


for 1 4 J % Clearly 1, ) o fer 1 3% It will be noted that 
for each 3 „ 41,3) “3 and (35,3) J Also, we have 


2 1 * 
(1%) = coeff, of T in eh 


The distribution of cycles in psrmations of a finite number of elements 
oom i7 


has ales been eomsidered by Gontcharofrr ¢ 


It follows that 


555 
(2.2 p {mii = Gs, d (4, )) 
ö a 2 (neJj) 8 m ö 


Values of d (1, ) for 1,4 1,2% 25, 1 $4, are given in Table 1. 


5. Distribution of structure size. let Xs be a eubeat af X containing 


J elements. Also, let 300 de the aot of all transformations of X, 


to itself, and for any TE), ret m5) denote the munber of etrus- 
tures in 7 | 
For any pair (x, T) selected at ranlom from X x, the size of the 
structure containing x is the mer of elexents in S,(x) „ Then the 


probability that a picked structure has size J] is given by 


(503) Pie 33 = (Number of ys in whieh * ean be chosen) 
0 7 
PER, forms the picked s true ture: 


N yes 8 Nx AX f 
ig) PL EX,§ P PIK,CK,(- r facx Ky )CEnK 5 


J 


r {mid wf 


9 W 3 * 
ait) 7 Tre, (3) = 7% 
1 4 5 (20 (Ped) Pia uf 


ar Gay 
241 (903 3“ 
T+ follows that 
2 6 E ¢ (ep: 
(5.2) 1 N 2 te * 3 15 es (j~9)5 x 2 


6, Distribitior. sf sixelength:. We obtain the joint distribution of 
six-length and cycle length directly from (3.1) by letting D= 9. Thus 


* 


7 


(651) p isek, Veg (3 C = — & 
: he L f (nk) 8 nk 


Tt follows that 


(652) P be-) * — 1 kk 
e (n=k) l n 


and 


fons n. 5 
(6) p 4235 a — 3 


The expected six-length is given by 


n. 2 
(60h} E(a) = 2.— R 
N kel (nek) 4 n 


2 ‘ 5 3 . 
Writing ko = n° = n(nek) = (kel) (mek) + (nk: „ this bosoms 


kel (--) A n* 


2 12 n — 2 a (n=2) 8 


23 n 27 (k) a 


„ (eda tet) EP ese 
„ 


n 1 ee: 
{ & ; — 

a = Teel) 8 2 2 AI 5 

kel (nk) 3 n kel (nok}s n 


n 128 3 
1 = 5 8 . 5 „ ’ 
— 1 „4 2 * 


. * is ey: 
kel (nk) * 


2 — tl 


22422 


It is of interest to note that 


(607) a(2) as E- xs) 


kel (nk) § n 


76 Distribution of wora. let x be a given element in X , and 
now let * * ½ vhere i is a subeet of Yex containing (3-1) 


elements. As beftre, let 70) be the set of all transformations of x, 


7 
into itself, nd let J) be the subest er 70) consisting of all 
transformations T mr which IX - X „ For any T2945) lt 00 te 


* 


the numbsr of cyclical elements in *j — X „ Lebo, in X Then the 


2 
probability that x has j ypredesessors, where x is counted as a pre- 


decessor ‘of iteelf, is given by 
(7.1) p Sp © jix{ ber of ways in which xi can be chosen. 


8 Cc. ö . eve — a 
Pit 1348 X50 71 C x * 


8 (n=l) 3 12 (mgr 


(nej)$ (U) en 


It follows that , he 


P f pea} = 23 (ur 


ke r-)! (21 n 


„2 - 8 


(9) ($-1)8 n 


ollie 


3% Distributicn cf mc, 3, and p when n-. The probability dis- 
tributions of n, o, 8, ami p when n=5 aro as follows: 


K Pjn = k} Tfe = «i Pia kl rip = k} 
125 256 
2 ae oe ae 85 
2 1220 32, 200 108 
1 1 bs 8 
305 uod 180 72 
3 Ws ws Bos BE 
30 S 
bs x5 fs 85 85 
1 2h 2 
5 * ae 855 
These distributions are shown Raed in Figure 2. 
9% seymptotie exmnsion of 2, —AECU/S, , An asymptotic expansion 
Sac 71 (to=3)8 


ke ö 
for the quantity 25 are ch appears in the probability dis- 
J* 33 


tribution of structure size as well as the oxpression ak aa 
six-length, can ‘be obtained as follows: Ve have 


3 Se Ee 5 2 1 


4 + = a neat a 


let xek(e’-1), dx= xe dy. It follow that 


1 5 R Kel er. =v) 
E „ (+p a- i La 
5 8 . 
ale > 
a “<5 797/90 
* 65 N ay 8 
13 f 
1 1 
. 2 1 2 
Now let y = (K)“ „ dy = (/ Tka)“) du 
so that * 557 2 . 
E S 7% ot A . 
. 1 Zar tis MB a 3 65 
(9.2) 9 8 dy * : i e 
2 2 
2 5 8 (2a 
1 (any ½ A agu) 
tat E 2 — A 
202 4 jms E 
1 W 1 2 a. (a) 
= aus du 
* 2 3 
where 2% (u) 1 


a, (u) * w/9 — 12/6 
aa(u) = 82 — wh * 50 — u°/90 
aj(u) = u9/65.610 = u8/2.916 + 23u7/90720 = 3i6 /6-Ui80 


ve (u) 1 
b,(u) © w/27 = /s u 
bu) = /. 10 = WIE + H = 03/36 + 1/10 


Consider the integral 
a ER 


Fs. i is 
-E 2 


@ 
a 1 
{ars . 
— 2. & (u) 
200 1 2 * du 
5 „ db. u) 
K | eo 2 ali dug 


ah fm 22 ag (u) 
3 k 


2 i 0 „ Pedny) — an) ay 


2 J „ 5, 
2 
8 8 
eee dy = 
Or 
a oe © nu / 2. 8, (0) 1 * ( okt kek 
N 75 ee 


2 (%) PC 


Thus We obtain 


X (m2) ek Me) 1 & 8 | 
903 ~~! - - 2e % @® 0 
re Fl (901 U 2K * 1 2.0 


10, Asymptotie approximation for the distribution of structure size. Te 
have (ef. 5,2) 


k 
(19,2 2 2 Trl) 3 i (nk) Se kel)! 8 
apa) Pfesk) = WFT Ur 15 1 
The mode of the distributien is at k no de have 
n 
(10,2) pen) N 2 


An approximtion for this exp-easicn is given in the preceding section. 


1 — 


Except at the taiis, 108% if neither k nor n is small, we have 


„ 1/2 5.1/2 tek 
(10.3) ———— (ze 
)- (-H) 2 K . (20 nn 


2 1 
2 (mek) 2 


The aasynptotis density of *» 3 is given by 


1 < 
wing e 


ass 


The mode of the distribution is at kn. let kefax. Then, as 
n becomes large 


(21.2) c tag ae 
* n x) (a off x)" MuK. We (omy V2 nv = 


— 


x 
o X 172 4K Te ih X + 172 
of 


2 


X 
RAY — — — — 
~~ 2 2 3 
n x nv? an x= * | gt 
ly 2 
* - ) 


Ya 


The asymrtotie density of = is tims 
60) 
(21.3) P(x) wx E 7 


12% Asymptotic approximation for the distribution of predecessors. The 
distribution of the mmber of predecessors (cf. 7,2) is 


den Piped - SUE ew 


(nek)i (-i) n 


This is a U-eheped distribution with an antimode at (3/% n The probability 
that pn is given by 


P fp =n 20 as n o 


@ he 


As n becomes large and k remains sual] relative to n, We have, wing 
Stirlings approximations for (i-) I and (K)! ö 


(42.2) un PE x op stall * 
n ö 
As k increases, but is still email relative to =, we have 


1 


(12.3) Pipek 2 
Values of the limiting probability that pe k have been cœprted 
for some selected values of k and n These values follor 


qe, 


K 2 — 
1 59.04 63021 
2 11.7 4968 
3 n 12.21 
4 20.00 37033 
9 0 33562 
n 2 @© 
10 255 
25 15 782 
160 T0957 
250 5.041 
1,000 SS 
2.500 1.5956 
10,000 79 


n= 10° 


02522 

1595 
007939 
204983 
202394 
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13. Gase of each slepent baving © or k predecessors. Lot J be the set of 
transformations of I inte I exsk that each element xe has either no immediate 
predecessors or Dy k immediate predecessors, where k 18 a given number. 
For 6 given TET, let 4% de the set of elements with no immediate predecessors, 
and A* LA, the ect with k immediate predecessors. Also, let a and a, "mrs, 
be the nuuber of elements in 40 and Ay, respectiveiy. Since II. Ax, we must 
have n KAN that is, for the set J to be non-empty, n must W a multiple of 
k, say, rk, and 2 1 for all TET. : 

The total nunber of transformations in J is @(r,k), say, where 


(13.1) @ (r,k) „ (number of ways in which the sets 4% and A, can be 
chosen) X (number of transforsetions mapping T onto 
A, so that each elemant of 4, has exactly k predecessors) 


wm (Pk) (rk) 
v!(r(ke1)) tk!” 


oe 


Clearly, the probability that any pair (x, T) #111 be chosen is 


(15.2) ite f ayer 
13.2) (oul! gta sj 


4 procedure similar to that used in the general case is again useful in 
deriving exact distributions for the functions n, o, 8, and p. Lat D bea 
given subset of T containing d lenets, and ict J, be the subset of f 
containing all transformations 7 for which Dm. Let J) (TD) be the subset 
of J D for shich TD is the specified transformation on D. For any TE 7 5 
let i be the subset of D specified by W as belonging to 4,3 1. 6., 
m= ait?) for all regi) Suppose that for a given 10, 14 contains 7 
clements, and suppose we know D and TD only. Clearly, E sind, r) end 
d SKV, so that k¥-d predecessors for the elements of a(t) remain to bs 


chosen from X-D. Moreover, if d <r, any of the (d- ) elements cf peal), 


for which no eee is specified dy TD, may also be in Ay» so that there 
are altogether 

(13.3) . x -d k(d- ) = (1) 0 

possible immediate predecessors for elements of D in I-D. In case d >r, as 


many as (r- ) of the (d- ) elements of D- () 


may also be in 4,, so that 
there are altogether i 

(13.4) ky-d ; k( r = rked 

possibis immediate prededesssers for elements of D in 4-0. In either case, 

the number of possible immediate predecessors for elements of D in X-D depends 
only on d, and not on the particuler TD selected,. We can write 

(13.5) d=k(r-a)-b or kred = ka'b 

where > is given by (13.3) if d Er and by (13.4) if d r. 


(13.6) Pix€A ,Ke(x) CX-D, s-4, 44a, a Ap, e- h 
ARE, f DHA end r Drx IE or Tx, and 
rb; . IXI x, . . fer 2 ir, and Meg; 
and z= 15a. 1e J, { | 


+ Elz 12 x 


ard Bebi kea*b-2 Hei Red 


— (Ure )atd) (e157 Ig (ett)! 
ka*b) (kab)? (ar 11 . 


Also 
(13.7) Pf zea Ke) CL, = 3. P- a, a Kilb, re 4% 


5 el U + U 
ka*b) (ka'b)!{a-4)! 
and 
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(13.8) PR, r) CT. = 3, E- l, rey 


Ror Ur evo. 4. 4- J n, ren 


121K 
so that 
43.9% ri T5, - 3, Pa, ib, E JN 


sl 
» Sede ai eb ig) ade en 
2 ke+3 L SA! — 


12 ws \ “ws ea” j ase 


and 


(23.19) P KC), CT-, Qu al D. It In} 


a*l —1 
5 2 7 + 121 
N = 2 727 2 


J 
As before, for any TET), let i be the number cf cyclical elements in 
TLD. Then, we have 
(15.11) PSA NY), Kr) Sn, 2-0 15, J 43 
= * 1b), 7 e. Jh. = 33 
7 {nq (x) TDT DUK,(=) , re. J- 3 
P { £- Ax Ib UK. (x) p&— (x) STD, D, r * Jp- D- 13 


„Keri ee ae ae Ni 
ka+b k-1)j+b ° J Ckarb)((e-1)j+b) * 
Or 


(13.12) P {x ¢ r(x), Kr(x) S X-D, E- alp, r e JN 


-e 5h v b- vb c 3} 


Comparing (13.10) and (13.12) for E- and 24.1, we obte in 


= 2Z1- 


(12.12) r, Ev, 2 ald, re 35) 
Eibe r b, E -I, 2c. % 


[Fife r 


22 ¢ f J. 
acbb) A 4b. * 93 
lee 
ka tb) (ka*b)!(a-q)! i 
or 


(13.4) pp ald, re Jy} - eee 


for 12 0 S. Since 


a 
+ > 
(13.15) 28 r e 1 
2 
nn ’ ae 
e ee eren 
270 5 
a — 
ieh 5 Aras erh 
458 b): ( 4 ab)! (aeq-2)! 
1 2 
inen _ 5” * F. e = 
ö sketb)i(a-q)t © 451 (kxa+b)#(aeq)!  ~* 


4 = oe 


we have 


E 
N 


(13.16) PTR ol D. 
a a 


IE D. G, where p i the enpty sot, Jo- J, unt bo, a*r. For any 
TE.7, Ry is the total nunber of cyclical. elements in I. Hence 
1 


772 17 rsx 25 2 „III 181121 2.2% 5 
. U IJ ift si a 


The distribution of the number of st-nctures is given by 


(13.18) 1-13 = 2 413 
: 2 7.2 - Alx Ira -N 


2 
21 
= iti (1, 3) 141Er 


where of(4,§) is the probability of 1 sycles in a permutation of j elexents. 
Since X(1,j) ~ 1/3 


= 1 IIe a 
(13.19) I-15 D0 teal 


371 = 
For any pair (x, T), S,(x) has been defined as the structure in T containing 
x, and e, the nurber of elements in S,(x), es the size of the structure containing 


x. The possible values of c are k,2k,...,rk, for suppose SY) contains ¥ 
elements from A, (1 Ar). Then, since S,(z) is the set ef immediate 
predecessors of these elements, o- Vk. 


Let X,, be a subset of X containing jk elements. We have 


(13. 20) PI- ge} * (number of weys in which Xo. can be chosen) 


x P{x,, forms the picked structure } 


— 5 ). LSL J- TIL 


Crx < XY p- In- * 3 


-r E 


e i 


0 
X) iR)! 781 (KJoLsi (jess: 


. f * T (eteter) yy? 
CLE CSUSBHT hy Ty jot)! s 
E 


bre in the joint dis abut! 1 length and avole lenct 
ta Joint dieteibntion of six-length and cycle 1 


anath Asvantig 
waeeg oon = 


— 2222 


from (13.8) and (13.9) by letting D- S. Thus, we obtain 


2 ~ 2 „ 42, 23 * 2 3232 
5 5 a * 11 
(13.21) P{a~3, 44, 44 J seme (1 0 24jér+l 


and 


— 
(13.22) .- 3. 0-3 = Eppes 14 1E 


« 23 - 


From these we obtain the arginel distributions 


~ sqel ’ a 2 
(13.23) Aa- Na 5 * rt 


ap 


\e dal 
ech (ma)! ga 1805 CE 


I (re)! (ere to)! 83 
een ee 


In detezmining the distribution of the number of predecessors, we recall 
that the selected elenent x is counted as a predecessor of itself. The possible 
values of p, therefore; are I, x. 1, . „ (r-1) (1), 4f x is not a cyclical element 
in T, and k, x, . „rk, if x is cyclical. It will be noted that if p=1, the 
selected element x belongs to A 3? while if p >1, * CA in the chosen transfor= 
mation. Hense, —— 

(13.25) I-13 = PSx “ay - 
As before, let ys be a subset of X containing jk elements. Then 


8 2 5 
(13.25) F I ky ba (number af ways an which 51 San be chosen 


ln, wT, f° r-) c X53 
. P{n- 1 * K Kr(Z)UIn⸗ sey 


\ 
7 


327.7 


e 2 pom 33 
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Tc obtain P Co- J, we consider the following: Let P be a set of 
jk*1 elements, and let x* be a given element of N. Consider the set of all 
transformaticns of P, say 7*, such that x* is mapped into itself and ir 


addition has k immediate ;zzJecesocrs in N- while each elecent in N- has 
cithes zero cf k inmediete predecessors. The total number of such transformations 


2 \e 
-T 8 


Let 1 be the total number of cyclical elesents in X*-x*. Then, in a 


manner similar to that used for the sets D and Jy, we find that 


is 


: 973. 
pfu, = qlx*,teg*} - 1751 aht s Ofgq¥ fl 


so that 
1 a | 
. o, e ge} ao tes 
Let us now return to the sets X and J, and for any pair (x, 1) let P(x) 


denote the set of Er A ο,E¾ of x. Then 


(13.27) P {p= gery = (number of says in which sets x, X x- and Xlr-10-1 can 
be chosun)-Pf xUX,, ° a(x) 5 * riz is selected from 13 


Fi 


r- Zvi. ((OR 5)-2) Heeger S 
r HEI z - or- 


e = a “= S . 4. 
7 - Olx= ux v. re · & 


* TAT * Affi ji)! 123 
° e N 2 8 a 
(LI IAD m fi (rk)! 4 


2 9221 8 
= We TES irk 


Lor j 20,1. „1. 


25 


Asyuptotic approximations for the various distributions can be found 


as follows. For Fired k, as r becomes large, we have 
—1 r-3 3-2 
(. 6) PAH - 45 
* 1 wa es 2 
* 2, ae 
(ir) (3) 


me) = 
ead 2 4161. 4 ae 


=) 


1 3 
kr 3 14•˙3 
5 2 r- 301-3) 12 


2.17 
ar the asymptotic density of 2 ) Hy ia 
-4x* 
(13.29) P(x) = xe 85 


Given that 1%“ J, the conditional distribution of n, the number of 
suructures, is asymptotically normal as j becomes large vith 
(13.30) E(m}j) ~log 3 7 5 
where 5 is Euler's constant and 


The marginal distribution of m is asymptotically normal <ith expected 
value and variance each approximately equal. to biog - 


me asymptotic Gistrivaticon of structure size is given by 


28 


n- r - vb r. 


—3 2 


k-) 


22) Po- ae 
(13.22) 5 ix 3 (21 


2 
kr? * 
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